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Abstract
For a left pure semisimple ring R, it is shown that the local duality establishes a bijection between the preinjective left R-
modules and the preprojective right R-modules, and any preinjective left R-module is the source of a left almost split morphism.
Moreover, if there are no nonzero homomorphisms from preinjective modules to non-preinjective indecomposable modules in R-
mod, the direct sum of all non-preinjective indecomposable direct summands of products of preinjective left R-modules is a finitely
generated product-complete module. This generalizes a recent theorem of Angeleri Hu¨gel [L. Angeleri Hu¨gel, A key module over
pure-semisimple hereditary rings, J. Algebra 307 (2007) 361–376] for hereditary rings.
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1. Introduction
A ring R is called left pure semisimple if every left R-module is a direct sum of finitely generated modules
(see, e.g., [18,31]). It is well-known that the left and right pure semisimple rings are precisely the rings of finite
representation type, i.e. artinian rings with finitely many isomorphism classes of finitely generated indecomposable
left and right modules (see [6,19,30]). However it has been a long-standing open problem, known as the Pure
Semisimplicity Conjecture, whether left pure semisimple rings are also right pure semisimple (see, e.g., [24,33] for
historical surveys, and [13,16,17,34,35] for some recent results on this topic).
Huisgen-Zimmermann [23] proved the existence of strong preinjective partitions and strong preprojective partitions
for families of finitely presented left and right modules, respectively, over a left pure semisimple ring R. Such
partitions are upscaled versions of the preinjective and preprojective partitions introduced and studied by Auslander
and Smalø [8] for artin algebras. Preinjective and preprojective modules played a central role in Herzog’s solution
in [21] of the Pure Semisimplicity Conjecture for rings with Morita self-duality and PI-rings (see also Simson [31] for
the hereditary case). For a left pure semisimple ring R, preinjective left R-modules provide very useful information on
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the category of finitely generated left R-modules. In particular, several nice properties of preinjective left R-modules
have been obtained for hereditary rings R; see Angeleri Hu¨gel and Valenta [5], Okoh [28], Simson [32,34,35].
Recently, inspired by the work of Reiten and Ringel [29] on finite-dimensional tame hereditary algebras,
Angeleri Hu¨gel [4] studied the perfect cotorsion pair (C,D) generated by the preinjective component of a hereditary
indecomposable left pure semisimple ring R. One of the main results of [4] shows that, in this situation, there is a
finitely generated product-complete left R-module W that is the direct sum of all non-isomorphic indecomposable
non-preinjective direct summands of products of preinjective left R-modules. Moreover, this “key” module W gives
important information on the structure of the ring R and reveals the main pathologies of R in case it is of infinite
representation type. Angeleri Hu¨gel’s work [4] essentially uses some results and methods of tilting theory (see,
e.g., [37]).
In this paper, we study preinjective left modules over an arbitrary left pure semisimple ring R. Assume below
that R is any left pure semisimple ring. First, we show that the local duality establishes a bijection between the
isomorphism classes of preinjective left R-modules and preprojective right R-modules. We obtain, as a by-product,
that any preinjective left R-module is the source of a left almost split morphism in R-mod and is endofinite. Note
that corresponding results on preinjective left R-modules over hereditary left pure semisimple rings R were also
obtained by Angeleri Hu¨gel and Valenta [5]. Combined with our recent work [17], we deduce that any direct sum of
preinjective left R-modules is endoartinian. As another consequence, we recover and extend a result due to Huisgen-
Zimmermann [23] asserting that R is of finite representation type if and only if any product of preinjective left
R-modules is a direct sum of preinjective left R-modules.
Further, we consider the class C of all left R-modules containing no preinjective direct summands, and show that
C contains only finitely many non-isomorphic indecomposable almost splitting injective modules (see Definition 4.2).
In particular, if there are no nonzero homomorphisms from preinjective modules to non-preinjective indecomposable
modules in R-mod, then the direct sum of all non-isomorphic indecomposable non-preinjective direct summands
of products of preinjective left R-modules is a finitely generated product-complete left R-module. This result
generalizes Angeleri Hu¨gel’s theorem [4] for hereditary rings mentioned above. Note that our approach, based on
ideas of Auslander and Smalø [9] for modules over artin algebras, allows also a rather explicit description of the
indecomposable direct summands of the key module W obtained in [4].
The paper is organized as follows. Section 2 gives basic definitions and preliminaries. In Section 3, we show that the
local duality establishes a bijection between preinjective left R-modules and preprojective right R-modules, and obtain
several consequences. In Section 4, we prove our main results on the subcategory C of left R-modules containing no
preinjective direct summands, and give applications for determining the indecomposable direct summands of products
of preinjective left R-modules.
2. Definitions and preliminaries
Throughout this paper, R is an associative ring with identity. We denote by R-mod the category of finitely presented
left R-modules, and by R-Mod the category of all left R-modules. The corresponding categories of right R-modules
are denoted by mod-R and Mod-R. By a subcategory we always mean a full subcategory.
Let A be an additive category and B a subcategory of A. By AddB (respectively, addB) we denote the class
consisting of all objects of A that are isomorphic to direct summands of (respectively, finite) direct sums of objects
in B. If B consists of a single object M , we just write AddM and addM instead. Following [8, p. 81], B is said to be
contravariantly finite in A if every object M of A has a right B-approximation, in the following sense: there exists a
morphism f : B → M with B ∈ addB such that each map in Hom(X,M) with X ∈ add B factors through f . Dually,
B is said to be covariantly finite in A if every object M of A has a left B-approximation, i.e. there exists a morphism
f : M → B with B ∈ add B such that each map in Hom(M, X) with X ∈ add B factors through f .
Let C be a family of finitely generated left R-modules. By ind C we mean any family of representatives of the
isomorphism classes of indecomposable summands of modules in C. Recall that, for an indecomposable module M in
ind C and N in add C, a morphism f :M → N is called a left almost split morphism in add C provided f is not a split
monomorphism, and for any module K in add C and any morphism g:M → K which is not a split monomorphism,
there is a morphism h: N → K such that g = h ◦ f . If f :M → N is a left almost split morphism in add C, then we
say that M is a source of a left almost split morphism in add C. If there is a left almost split morphism f :M → N
in add C for each indecomposable module M in ind C, then we say that the family C has left almost split morphisms.
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A morphism f : B → C is called a right minimal map if for every g ∈ Hom(B, B), f = f ◦ g implies that g is an
automorphism of B.
Given families A and B of finitely generated left R-modules, A is called a cogenerating set for B if every module
in B can be embedded into a module in add A. If A is a cogenerating set for B, and no proper subfamily of A is a
cogenerating set for B, then A is called a minimal cogenerating set for B. Following [8], an indecomposable module
M in ind C is said to be splitting injective in C if any monomorphism f :M → N with N ∈ add C splits.
Following [23], we say that a family C of finitely generated left R-modules has a strong preinjective partition if
there exist an ordinal number ι and a partition ind C =⋃α<ι Cα with the following properties:
(i) Cα ∩ Cβ = ∅ whenever α 6= β;
(ii) each Cα is finite;
(iii) for each ordinal α < ι, Cα is a minimal cogenerating set for
⋃
β≥α Cβ .
The concepts of generating sets and strong preprojective partitions are defined in a dual manner.
We will frequently use the following fact which connects the splitting injectives with the minimal cogenerating set
of some families of indecomposable modules.
Lemma 2.1. Let R be any left artinian ring and C = {Mi |i ∈ I } be a family of finitely generated indecomposable
left R-modules. If C contains a minimal cogenerating set A, then A coincides with the set of all splitting injective
modules in C.
Proof. See [12, Lemma 2.1] (cf. [8, Theorem 2.3], [23, Theorem 4(2)]). 
The following key result is due to Huisgen-Zimmermann [23].
Theorem 2.2. Let R be a left pure semisimple ring. Then every family of finitely generated indecomposable left R-
modules has a strong preinjective partition, and every family of finitely presented indecomposable right R-modules
has a strong preprojective partition.
Proof. See [23, Theorem A] (cf. [12, Corollary 3.7, Corollary 3.13]). 
We will need the following property of left pure semisimple rings.
Proposition 2.3. Let R be a left pure semisimple ring, and A be any family of finitely generated left R-modules. Then
AddA is contravariantly finite in R-Mod.
Proof. By [13, Theorem 3.3], A is contravariantly finite in R-mod. If M is any left R-module, there is a direct sum
decomposition M = ⊕i∈I Mi with each Mi finitely generated, and there is a right A-approximation fi : Ni → Mi ,
with Ni ∈ add A, for each i ∈ I . Because R is left pure semisimple, every module in AddA is isomorphic to a direct
sum of modules from add A, and it is clear that the induced homomorphism f = ( fi )i∈I : ⊕i∈I Ni → ⊕i∈I Mi is a
right AddA-approximation of M . 
The following lemma, essentially due to Auslander (see [7, Corollary 3.2] for the case of artin algebras), will be
used in the sequel. We include a short proof for the reader’s convenience.
Lemma 2.4. Let R be any ring and {Mi |i ∈ I } be a family of finitely presented left R-modules. Suppose that X is a
finitely presented indecomposable left R-module and X is the source of a left almost split morphism in R-mod. If X is
isomorphic to a direct summand of the product
∏
i∈I Mi , then X is isomorphic to a direct summand of some Mi with
i ∈ I .
Proof. Suppose f : X → N is a left almost split morphism in R-mod, and M = ∏i∈I Mi is the product of the
modules Mi . Assume that X is not isomorphic to a direct summand of any of the Mi . Let pi : ∏i∈I Mi → Mi be
the canonical projection for each i , and g : X → M the split embedding. For each i , pi ◦ g : X → Mi is not a split
monomorphism, hence there is a homomorphism hi : N → Mi such that hi ◦ f = pi ◦g. Let h = (hi )i∈I : N → M be
the homomorphism induced by all the hi , then we have h◦ f = g, implying that f : X → N is a split monomorphism,
and contradicting the assumption that f is a left almost split morphism. 
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Following Auslander [6], a family A = {Mi |i ∈ I } of finitely generated indecomposable R-modules is called
noetherian if for any sequence of non-isomorphisms
Mi1
f1−→ Mi2
f2−→ · · · −→ Min
fn−→ · · ·
with Mik ∈ A, there is a natural number n such that fn ◦ · · · ◦ f2 ◦ f1 = 0. We will need the following result from [12].
Proposition 2.5. Let R be any ring and C be a noetherian family of finitely generated indecomposable left R-modules.
Suppose that C has a finite generating set and C has left almost split morphisms. Then C contains only finitely many
non-isomorphic indecomposable modules.
Proof. See [12, Theorem 3.8]. 
For a left R-module N with its endomorphism ring S, recall that the local dual of N is defined as the right R-module
D(N ) = HomS(N ,C), where C is a minimal injective cogenerator of the category Mod-S of all right S-modules.
Following [10], a left (or right) R-module M is said to be endofinite (endoartinian) provided M is of finite length
(respectively, artinian) as a module over its endomorphism ring.
Finally, we recall the construction of the (Gabriel) functor ring of a family of finitely generated modules over
a ring R, following Fuller [18]. Let {Vα|α ∈ Ω} be any family of finitely generated left R-modules, and set
V = ⊕α∈Ω Vα . As usual, we write homomorphisms on the sides opposite to the scalars. For any N ∈ R-Mod, let
Hˆom(V, N ) = { f ∈ Hom(V, N )|(Vα) f = 0 for almost all α ∈ Ω}. For N = V , we set A = Hˆom(V, V ) = Eˆnd(V )
and we call A the functor ring of the family {Vα|α ∈ Ω}. A is a ring with enough idempotents (see [18]), i.e. there is
a family {eα | α ∈ Ω} of pairwise orthogonal idempotents in A, so that A = ⊕α∈Ω eαA = ⊕α∈Ω Aeα . Here, each eα
is the idempotent in A which is the identity on Vα and zero on all Vγ for α 6= γ ∈ Ω . A-Mod will denote the category
of all unitary left A-modules, i.e. left A-modules M such that AM = M , and Mod-A is defined similarly.
We have that H = Hˆom(V,−) defines a left exact functor from R-Mod to A-Mod. Moreover, H preserves direct
sums and products, and has a left adjoint H ′ = V ⊗A− : A-Mod → R-Mod. Note that H(Vα) ∼= Aeα is finitely
generated projective in A-Mod. Conversely, any finitely generated projective left A-module, being a direct summand
of a finite direct sum of modules of the form Aeα , is isomorphic to a direct summand of a finite sum ⊕ri=1 H(Vαi ),
with each αi ∈ Ω . Let C0 be the subcategory consisting of finite direct sums of modules Vα . Restricted to C0, the
functor H is full and faithful. Indeed, H induces an isomorphism Hom(Vα,M) ∼= Hom(Aeα, H(M)), for any left
R-module M , defined in the natural way.
If {Vδ|δ ∈ ∆} is a complete family of all non-isomorphic finitely presented left R-modules, then the functor ring
A of the family {Vδ|δ ∈ ∆} is called the left functor ring of R. Similarly, one can define the right functor ring S of
R. A complete family of all non-isomorphic finitely presented right R-modules will be written as {Uλ|λ ∈ Λ}, and
fλ ∈ S will be the identity on Uλ. In particular, f ∈ S will denote the identity on RR . Note that A and S are right and
left locally coherent, respectively. If U = ⊕λ∈ΛUλ, then there is a full and faithful functor T = U ⊗R − : R-Mod
→ S-Mod, which has a right adjoint T ′ = HomS(U,−) : S-Mod → R-Mod. The functor T gives an equivalence
between R-Mod and the FP-injective left S-modules, and T (M) is injective in S-Mod if and only if M is pure-injective.
Moreover, T preserves direct sums and direct products and also preserves and reflects finitely presented modules.
We refer the reader to [38, Chapter 10] for more basic properties of the functor rings A, S and the functors H ,
T described above, and to [1,36,38] for general properties of rings, modules, and categories, and for all undefined
notions used in the text.
3. Preinjective modules and local duality
Throughout this section R will denote a unital ring. R-ind and ind-R will denote complete families of non-
isomorphic finitely presented indecomposable left and right R-modules, respectively.
First, we define preinjective and preprojective R-modules over any ring R, in the following sense. (See also [11,
14,22] for related definitions for Krull–Schmidt rings, i.e. rings over which finitely presented left and right modules
are direct sums of modules with local endomorphism rings.)
Definition 3.1. A finitely presented indecomposable left R-module M is called preinjective if the family R-ind has a
cofinite subsetH (i.e., R-ind \H is finite) such that there is no monomorphism M → N , where N ∈ addH.
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Remark 3.2. Note that if R is left artinian and the family R-ind has a strong preinjective partition R-ind =
I1 ∪ I2 ∪ · · · ∪ In ∪ · · · ∪ I∞, where I∞ = ⋃α≥ω Iα , then M is preinjective if and only if M ∈ In for some
positive integer n. It is because if M ∈ In , then by Lemma 2.1 M is splitting injective in the class ⋃α≥n Iα and
hence the cofinite subfamily
⋃
α>n Iα satisfies the condition of Definition 3.1. Conversely, let M be preinjective with
the cofinite subset H ⊆ R-ind as in Definition 3.1, and suppose M ∈ I∞. Then because M can be embedded into a
module in add In for each positive integer n, In 6⊆ H for each n, contradicting the fact that H is cofinite in R-ind.
Hence M ∈ In for some positive integer n. So, if R is a left pure semisimple ring, our definition agrees with the usual
ones in the literature (see, e.g., [4,23]).
Preprojective modules are defined dually.
Definition 3.3. A finitely presented indecomposable right R-module M is called preprojective if the family ind-R has
a cofinite subsetH such that there is no epimorphism N → M , where N ∈ addH.
Again, this definition coincides with the usual ones if R is left artinian and the family of finitely presented
indecomposable right R-modules has a strong preprojective partition, as in the case of a left pure semisimple ring
R (see Theorem 2.2 and [23, Theorem 4]).
The next result was given for the case of artin algebras in [7, Proposition 3.4]. Note that our hypothesis on R
implies that R is left artinian, hence a Krull–Schmidt ring.
Lemma 3.4. Suppose that R is a ring such that every finitely presented right R-module is endofinite, and S is the
right functor ring of R. Let N be a finitely presented left S-module. Then N is of finite length if and only if there is a
cofinite subfamily H of ind-R, such that fρN = 0 for all Uρ ∈ H, where fρ ∈ S denotes the idempotent that is the
identity on the summand Uρ and zero elsewhere.
Proof. Suppose that ind-R = {Uω|ω ∈ Ω}. If we apply [6, Theorem 2.12 (a)] to the category (mod-R)op, and translate
the result to the language of functor rings, we have that the left S-module N is of finite length if and only if fωN is of
finite length as a left module over the ring fωS fω, for each ω ∈ Ω , and fωN = 0 for almost all ω ∈ Ω .
The assumption that every finitely presented right R-module is endofinite implies in particular that Hom(Uλ,Uω)
is of finite length over the endomorphism ring End(Uω), for each ω ∈ Ω and each finitely presented right R-module
Uλ. That is, fωS fλ is of finite length as a left module over fωS fω. Consequently, ⊕ri=1 fωS fλi is also of finite length
over fωS fω, for any finite sequence of finitely presented right R-modules Uλi .
Since N is a finitely presented left S-module, it is isomorphic to a quotient of a finite direct sum ⊕ri=1 S fλi with
each λi ∈ Ω . This implies that fωN is of finite length as a left module over the ring fωS fω. So, the first of the
conditions in [6, Theorem 2.12 (a)] is fulfilled for N , and the result follows. 
We give now a characterization of preinjective left R-modules in terms of the functor category S-Mod, for the class
of left pure semisimple rings. Again, S will denote the right functor ring of R.
Proposition 3.5. Suppose that R is left pure semisimple. Let f ∈ S be the idempotent that is the identity on RR and
zero on all other finitely presented right R-modules Uλ. Let Vδ be a finitely presented indecomposable left R-module.
Then Vδ is preinjective if and only if there is a nonzero S-homomorphism S f → T (Vδ) whose image is of finite length.
Proof. Suppose that Vδ is preinjective in R-mod, andH is the cofinite subfamily of R-ind which does not cogenerate
Vδ , as in Definition 3.1. Note that Vδ is of finite length, in particular finitely cogenerated, so it follows that the reject
of the family H in Vδ is nonzero (see, e.g., [38, 14.7]). Hence there exists a nonzero homomorphism ϕ : R → Vδ so
that τ ◦ ϕ = 0 for any τ : Vδ → Vρ with Vρ ∈ H. By applying the full and faithful functor T : R-Mod→ S-Mod, we
get T (ϕ) : T (RR) ∼= S f → T (Vδ), and because T (Vρ) is injective in S-Mod, we have Hom(Im(T (ϕ)), T (Vρ)) = 0
for all Vρ ∈ H.
We now use the local duality D. Bearing in mind that all finitely presented left R-modules are pure-injective,
and all finitely presented right R-modules are endofinite [21, Theorem 2.3], we see from [15, Proposition 2.5]
(cf. [40, Theorem 2]) that the local duality induces a bijection between the isomorphism classes of finitely presented
indecomposable right R-modules and the finitely presented indecomposable left R-modules that are sources of
left almost split morphisms in R-mod. In view of this bijection, the set of non-isomorphic finitely presented
indecomposable right R-modules Uλ such that D(Uλ) ∈ H is a cofinite subset of ind-R. Moreover, if Vρ = D(Uλ),
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then the simple socle of T (Vρ) is isomorphic to a quotient of S fλ, by a basic property of the local duality (see, e.g., [15,
Lemma 2.3]). Now, [17, Lemma 2.7] implies that Hom(Im(T (ϕ)), T (Vρ)) = 0 if and only if Hom(S fλ, Im(T (ϕ))) =
0. We deduce that Hom(S fλ, Im(T (ϕ))) = 0 for almost all finitely presented indecomposable right R-modules Uλ.
Then Im(T (ϕ)) is of finite length as a left S-module by Lemma 3.4.
To see the converse, assume that there is a nonzero homomorphism β : S f → T (Vδ) in S-Mod with an image
of finite length. So, Hom(S fλ, Im(β)) = 0 for a cofinite subfamily H of finitely presented indecomposable right
R-modules Uλ, by Lemma 3.4. This entails in turn that Hom(Im(β), T (Vρ)) = 0 for almost all indecomposable
left R-modules Vρ among those that are local duals of finitely presented indecomposable right R-modules, by using
again [17, Lemma 2.7]. But if Vρ is not the local dual of a finitely presented indecomposable right R-module, then Vρ
is not the source of a left almost split morphism in R-mod, hence T (Vρ) does not contain a simple submodule [17,
Lemma 2.4]. Therefore Hom(Im(β), T (Vρ)) = 0 also in that case, because Im(β) is of finite length.
This proves that Hom(Im(β), T (Vρ)) = 0 for almost all indecomposable left R-modules Vρ . Consequently,
Hom(T (Vδ), T (Vρ)) annihilates β for a cofinite subset of the Vρ . Since S f ∼= T (RR), the above condition and
the fact that the functor T is full show that there is a nonzero homomorphism R → Vδ that is annihilated by the
homomorphisms Vδ → Vρ for a cofinite subfamily of the indecomposable left R-modules Vρ . But then it follows
easily that Vδ is preinjective in R-mod, by Definition 3.1. 
Our first corollary provides the following useful property of preinjective left modules over left pure semisimple
rings. In case the ring R is hereditary, this result also follows from [5, Proposition 7.3, Proposition 8.2].
Corollary 3.6. Let R be a left pure semisimple ring. If N is a preinjective left R-module, then N is the source of a
left almost split morphism in R-mod, and is endofinite.
Proof. Since R is left pure semisimple, and N is preinjective in R-mod, Proposition 3.5 implies that there is a nonzero
homomorphism S f → T (N ) with a finite length image. Thus T (N ) contains a simple submodule. By [15, Lemma
2.4], N is the source of a left almost split morphism in R-mod. That N is endofinite follows from [15, Proposition
3.18]. 
The preceding result allows us to strengthen [17, Corollary 5.11].
Corollary 3.7. If R is a left pure semisimple ring, then any direct sum of preinjective left R-modules is endoartinian.
Proof. Note that by [17, Proposition 5.10], for a left pure semisimple ring R, if each indecomposable left R-module
Mi in a family {Mi |i ∈ I } is the source of a left almost split morphism in R-mod, then the direct sum ⊕i∈I Mi is
endoartinian. The result now follows from this fact and Corollary 3.6. 
We may now use the local duality to relate preinjective left R-modules and preprojective right R-modules, for a
left pure semisimple ring R. When R is hereditary two-sided artinian, the result below also follows from [5, Corollary
1.2].
Theorem 3.8. Let R be a left pure semisimple ring. Then the local duality establishes a bijection between the
isomorphism classes of preinjective left R-modules and preprojective right R-modules.
Proof. As noted in the proof of Proposition 3.5, the local duality induces a bijection between the isomorphism classes
of finitely presented indecomposable right R-modules and the indecomposable left R-modules that are sources of
left almost split morphisms in R-mod. By Corollary 3.6, what we need to show is that the local duality takes each
preprojective right R-module to a preinjective left R-module, and conversely, every preinjective left R-module is the
local dual of a preprojective right R-module.
So let Uλ be a preprojective right R-module. By Definition 3.3, there is a cofinite subset H in the family ind-R of
all finitely presented indecomposable right R-modules so that the trace of H on Uλ is proper. Therefore, there exists
some nonzero homomorphism β : RR → Uλ such that β cannot be factored through any finite direct sum ⊕ri=1Uρi
where each Uρi belongs toH.
We may view β as an element of the functor ring S and, as such, it induces a homomorphism β : S fλ → S f in
the obvious way. The above property says that β cannot be factored through any finite direct sum⊕ri=1 S fρi with each
Uρi ∈ H. Thus, if N is the trace on S f of the family of the left S-modules S fρ for all Uρ ∈ H, then Im(β) is not
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contained in N . We thus have pi ◦ β 6= 0, with pi : S f → S f/N the canonical projection. Let X = Im(pi ◦ β), and
ν : S fλ → X the corresponding epimorphism.
We observe now that S f/N is of finite length. Indeed, since R is left pure semisimple, S is left locally noetherian
(see, e.g. [38, 53.7]), hence in particular S f/N is finitely presented, so it is enough to note that Hom(S fρ, S f/N ) = 0
for all Uρ ∈ H, and apply then Lemma 3.4. Now, S fλ is a local module with a unique simple quotient L . If
Vδ = D(Uλ) is the local dual of Uλ, we have that T (Vδ) is the injective hull of L , by [15, Lemma 2.3]. Let
µ : S fλ → L be the canonical projection and ν : S fλ → X be the above epimorphism, we get a factorization
ζ : X → L so that ζ ◦ν = µ. Since T (Vδ) is injective in S-Mod, this gives a nonzero homomorphism S f/N → T (Vδ).
By composing with the projection pi , we get a nonzero homomorphism S f → T (Vδ) with an image of finite length.
By the criterion of Proposition 3.5, we have that Vδ = D(Uλ) is preinjective.
To prove the converse, we take a preinjective left R-module Vδ . It follows by Corollary 3.6 that Vδ is the local dual
of a finitely presented indecomposable right R-module Uλ. By [15, Lemma 2.3], S fλ is the projective cover of the
simple socle of T (Vδ). By Proposition 3.5, there is a nonzero homomorphism ϕ : S f → T (Vδ) whose image L is of
finite length. Since L contains the essential simple socle of T (Vδ), we obtain a homomorphism ξ : S fλ → S f which
remains nonzero when followed by ϕ.
By using Lemma 3.4, we see that there is a cofinite familyH of finitely presented indecomposable right R-modules
such that fρL = 0 for any Uρ ∈ H. A consequence is that the homomorphism ξ cannot be factored through any finite
direct sum ⊕ri=1 S fρi with the Uρi ∈ H. If we have ξ( fλ) = fλs f ∈ S with s : RR → Uλ, then we may see that s
cannot be factored through a finite direct sum⊕ri=1Uρi with the Uρi ∈ H. This obviously implies that the trace on Uλ
of the familyH is proper. By Definition 3.3, Uλ is preprojective. 
Following Krause and Saorı´n [27], a left R-module M is called product-complete if AddM is closed under
products. It is well-known that endofinite modules are product-complete (see [27, Theorem 4.1]). We will prove
that the converse holds under some suitable conditions. The following lemma will be useful.
Lemma 3.9. Let R be a Krull–Schmidt ring, and M = ⊕i∈I Mi be a direct sum of finitely presented indecomposable
left R-modules Mi . If M is product-complete, then the category AddM is generated by finitely many summands Mi .
Proof. By hypothesis, AddM is closed under products and direct summands. Since M is product-complete, we
know by [27, Proposition 3.7] that M is Σ -pure-injective. So every module L in AddM is Σ -pure-injective, and
by [39] L has an indecomposable decomposition L = ⊕ j∈J L j , where each L j is isomorphic to some Mi by
the Krull–Schmidt–Azumaya theorem. Now, if N is a pure submodule of L , then N is also Σ -pure-injective [39,
Folgerung 3.4], hence N is a direct summand of L . Thus we see that AddM is closed under pure submodules. It
follows from [27, Lemma 2.2] that AddM is covariantly finite in R-Mod. Let P1, P2, . . . , Pn be a finite set of all non-
isomorphic indecomposable projective left R-modules. Each Pk has a left AddM-approximation gk : Pk → Xk , with
Xk ∈ AddM . Thus, every homomorphism Pk → Y , for Y ∈ AddM , factors through gk . Without loss of generality,
we may assume that each Xk is finitely generated (because the image of gk is contained in a finite subsum of an
indecomposable decomposition of Xk , and we may use this finite subsum for Xk).
We claim that the finite set of all the indecomposable direct summands Yi of the Xk (k = 1, 2, . . . , n) forms a
generating set for AddM . It will be enough to see that each indecomposable module Y in AddM is generated by the
Yi . Since Y is finitely generated, there is an epimorphism φ : Q → Y , where Q is a finite direct sum of the modules
P1, P2, . . . , Pn . By the choice of the Xk , φ can be factored through a homomorphism g : Q → X , where X is a finite
direct sum of the modules Xk (k = 1, 2, . . . , n), and g is induced from the left AddM-approximations gk : Pk → Xk .
This clearly gives an epimorphism h : X → Y , proving the claim. 
Proposition 3.10. Let R be a Krull–Schmidt ring, and suppose that M = ⊕i∈I Mi is a direct sum of finitely presented
indecomposable left R-modules Mi such that the local dual D(Mi ) of each Mi is a finitely presented right R-module.
If M is product-complete, then M is endofinite.
Proof. As in the proof of Lemma 3.9, the fact that M is product-complete implies that AddM is covariantly finite
in R-Mod. For each i ∈ I , since D(Mi ) is finitely presented, Mi is the source of a left almost split morphism in R-
mod (see, e.g., [15, Proposition 2.5]). Now, for each indecomposable module X in AddM , there is a left almost split
morphism h : X → L in R-mod. Because AddM is covariantly finite in R-Mod, there is a left AddM-approximation
g : L → N where N is a finitely generated module in AddM . For any indecomposable module Y in AddM , any
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non-isomorphism k : X → Y factors through h : X → L by a homomorphism α : L → Y . There is a homomorphism
β : N → Y such that α = β◦g. Hence k = β◦g◦h. Note also that the composed homomorphism g◦h : X → N is not
a split monomorphism, because h : X → L is not a split monomorphism. Thus, we have shown that g ◦ h : X → N
is a left almost split morphism in AddM . Therefore the subcategory AddM has left almost split morphisms. Note
that, by Lemma 3.9, the family {Mi |i ∈ I } has a finite generating set. Since M = ⊕i∈I Mi is product-complete, hence
Σ -pure-injective, it follows by [25, Proposition 4] that the family {Mi |i ∈ I } is noetherian. Hence, an application
of Proposition 2.5 implies that the family {Mi |i ∈ I } contains only finitely many non-isomorphic indecomposable
modules. Moreover, since each local dual D(Mi ) of Mi is a finitely presented right R-module, the fact that Mi is
Σ -pure-injective implies that Mi is endofinite by [17, Corollary 4.6]. We conclude that M = ⊕i∈I Mi is endofinite by
[10, Proposition 4.5]. 
If R is an artin algebra, it is well-known that the local dual of a finitely generated left R-module X coincides with
D(X), where D : R-mod→ mod-R is the usual Morita duality. As a consequence of Proposition 3.10, we obtain the
following result due to Angeleri Hu¨gel [3].
Corollary 3.11 ([3, Theorem 5.2]). Let R be an artin algebra. If M is a left R-module which is a direct sum of
finitely presented modules, then M is product-complete if and only if M is endofinite.
The next corollary recovers and extends [23, Corollary B].
Corollary 3.12 (cf. [23, Corollary B]). Let R be a left pure semisimple ring, and A be any family of preinjective
left R-modules. If any product of modules in A is a direct sum of modules in A, then A contains only finitely many
non-isomorphic modules. In particular, if any product of preinjective left R-modules is a direct sum of preinjective left
R-modules, then R is of finite representation type.
Proof. Let M be the direct sum of all the preinjective left R-modules inA. It follows from the hypothesis that AddM
is closed under products, hence M is a product-complete module. Moreover, every module X in A is the source of
a left almost split morphism in R-mod by Corollary 3.6. It follows from [15, Proposition 2.5] that the local dual
D(X) contains a finitely presented indecomposable pure submodule Y . Since R is left pure semisimple, we know
by [21, Theorem 2.3] that Y is endofinite, hence D(X) = Y , and so D(X) is a finitely presented right R-module.
Now Proposition 3.10 implies that M is endofinite, and contains only finitely many non-isomorphic indecomposable
summands. The latter statement of the corollary follows from the above and the easily verified fact that the left pure
semisimple ring R is of finite representation type if R has only finitely many non-isomorphic preinjective left R-
modules. 
4. Direct summands of products of preinjective modules
In general, if a module M over a ring R is Σ -pure-injective, then indecomposable direct summands of products
of copies of M form the Ziegler closure of M (see, e.g., [26, Proposition 8.7]), and it is often of special interest
to determine the Ziegler closure of a module M . For a left pure semisimple ring R, the question of direct sum
decompositions of products of preinjective left R-modules has been studied by several authors (see, e.g., [2,23,28,34,
35]). As seen above, Huisgen-Zimmermann’s result [23, Corollary B] asserts that if a ring R is left pure semisimple
of infinite representation type, then there are non-preinjective indecomposable direct summands of products of
preinjective left R-modules. This result raises the natural question of describing the set W of all non-isomorphic
non-preinjective indecomposable direct summands of products of preinjective left R-modules. Angeleri Hu¨gel [4] has
recently settled the question for the case R is indecomposable hereditary. It was shown in [4] that, in this situation, the
setW is finite, and moreoverW provides very useful information on the ring R. In this section, we study the class of
left R-modules without preinjective summands for an arbitrary left pure semisimple rings R. In particular, when R is
hereditary, our approach provides an alternative proof of Angeleri Hu¨gel’s result [4] mentioned above.
Let R be a ring, and C a subcategory of R-Mod. Recall from Section 2 that an indecomposable module X in C is
said to be splitting injective in C if any monomorphism f : X → A with A ∈ add C splits. An easy induction shows
that if X1, . . . , Xn are splitting injective in C, then any monomorphism f : ⊕nk=1 Xk → A with A ∈ add C splits.
We first observe the following result, which is essentially inspired by the proof of [23, Corollary B]. In other terms,
the result asserts that the Ziegler closure of the direct sum of all preinjective left R-modules contains the finite set of
the indecomposable splitting injective modules among the non-preinjectives of R-mod.
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Proposition 4.1. Let R be a left pure semisimple ring, and let C be the subcategory of all left R-modules containing
no preinjective summands. If X is any indecomposable splitting injective module in C, then X is isomorphic to a direct
summand of a product of preinjective left R-modules.
Proof (Huisgen-Zimmermann [23]). By Theorem 2.2 the family R-ind has a strong preinjective partition R-ind
= I1 ∪ I2 ∪ · · · ∪ In ∪ · · · ∪ I∞, where I∞ = ⋃α≥ω Iα . Let X be any indecomposable splitting injective module
in C = Add I∞. For each n, there is a non-split monomorphism fn : X → Mn , where Mn ∈ add In . Consider
the product M = ∏∞n=1 Mn , and the diagonal homomorphism f : X → M induced by the fn . There is a direct sum
decomposition M = ⊕i∈I Bi , with each Bi finitely generated, and f (X) is contained in a finite subsum B = ⊕i∈F Bi .
Consider the induced map fB : X → B, with fB(x) = f (x) for all x ∈ X . We will show that fB splits, from which
it follows that X is isomorphic to a direct summand of the product M of preinjective left R-modules.
Let Xn be the reject of In in B, so Xn is the intersection of all the kernels of homomorphisms from B to modules
in In . Then we have an ascending chain X1 ⊆ X2 ⊆ · · · ⊆ Xn ⊆ · · · of submodules of B. Since RB is of finite length,
there is an integer m such that Xm = Xm+k for all k ≥ 1. Note that B/Xn is cogenerated by In for each positive
integer n. So, if Y is any indecomposable summand of B/Xm , then Y is cogenerated by In for each n ≥ m. Hence Y
cannot be preinjective, so Y ∈ I∞. Therefore we have B/Xm ∈ C.
Let pn : M =∏∞n=1 Mn → Mn be the canonical projection, then fn = pn ◦ f . Let gn : B → Mn be the restriction
of pn on B, then clearly fn = gn ◦ fB . Note that for n ≥ m, the map gn : B → Mn induces a map hn : B/Xm → Mn
because Xm ⊆ Ker(gn). Consider the homomorphism ϕ : X → B/Xm composed of fB : X → B and the canonical
projection p : B → B/Xm . Then fm = hm ◦ ϕ. Because fm : X → Mm is a monomorphism, it follows that
ϕ : X → B/Xm is also a monomorphism, and because X is splitting injective in C = Add I∞ and B/Xm ∈ C, ϕ is a
split monomorphism, implying that fB : X → B is a split monomorphism. 
In view of this result, it is natural to ask whether the Ziegler closure of the direct sum of preinjective left R-modules
might contain indecomposable modules other than the preinjectives and the splitting injectives of C. In this relation,
we introduce the following definition that will be useful later on.
Definition 4.2. Let C be a subcategory of R-Mod. A module X ∈ C is called almost splitting injective in C if any
exact sequence 0→ X → A → B → 0 with A, B ∈ C splits.
It is clear that if an indecomposable module X is splitting injective in C, then X is almost splitting injective in C.
But the converse might not be true in general.
We will need the following characterization of almost splitting injective modules for a certain subcategory C.
Lemma 4.3. Let R be a ring and C a subcategory of R-Mod closed under finite direct sums and submodules. Then
the following conditions are equivalent for a module X in C.
(a) X is almost splitting injective in C.
(b) For any exact sequence 0→ X → A f→ U → 0 with A ∈ C, any homomorphism g : Y → U with Y ∈ C factors
through the epimorphism f : A → U.
Proof. (a) ⇒ (b). Assume that X ∈ C is almost splitting injective, and let 0 → X → A f→ U → 0 be exact,
with A ∈ C. If Y ∈ C and given a homomorphism g : Y → U , we can construct the pullback of f : A → U and
g : Y → U , giving the following commutative diagram
0 → X → A f→ U → 0
‖ h ↑ g ↑
0 → X → B → Y → 0
Since the pullback B is isomorphic to a submodule of A⊕ Y , we have that B ∈ C. By hypothesis, the exact sequence
0 → X → B → Y → 0 splits, and the resulting homomorphism Y → B composed with h : B → A yields the
desired lifting Y → A.
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(b)⇒ (a). Suppose (b) holds, and given any exact sequence 0→ X → A h→ B → 0 with A, B ∈ C. The identity
map fid : B → B factors through the epimorphism h : A → B, yielding that this is a splitting epimorphism, hence
the above exact sequence splits. 
We are now able to prove a key result of this section. The proof we give below is essentially based on ideas of
Auslander and Smalø [9, Theorem 4.1] in the context of artin algebras.
Theorem 4.4. Let R be a left pure semisimple ring, and C be a subcategory of R-Mod such that C is closed under
direct sums and submodules. Then C contains only finitely many non-isomorphic indecomposable almost splitting
injective modules.
Proof. Let I1, . . . , In be a complete finite set of indecomposable injective left R-modules. Since C is contravariantly
finite in R-Mod by Proposition 2.3, there are right C-approximations fk : Mk → Ik for k = 1, . . . , n, where each Mk is
a finitely generated module in C. Also, by Theorem 2.2 and Lemma 2.1, C contains a finite cogenerating set consisting
of all indecomposable splitting injective modules in C. Let X be any indecomposable almost splitting injective module
in C. To prove the theorem, we assume that X is not isomorphic to an indecomposable splitting injective in C, and will
show that then X is isomorphic to an indecomposable summand of the kernel Ker( fk) for some k. We will proceed
following several steps.
(1) We claim that there exists a commutative diagram with exact rows and columns
0 0 0
↓ ↓ ↓
0 → X → Y → U → 0
↓ ↓ ↓
0 → KC → IC → I
where the monomorphism Y → IC is split, Y and IC belong to C and KC is a finite direct sum of direct summands of
the kernels Ker( fk).
We start with a short exact sequence 0 → X → Y → U → 0, where Y is a finite direct sum of indecomposable
splitting injective modules of C. Since X is almost splitting injective in C, we know by Lemma 4.3 that all modules
in C are projective relative to the epimorphism pi : Y → U . Also, since X is indecomposable, it is clear that the
epimorphism pi is right minimal. Indeed, by [8, Proposition 1.2 (d)], there is a decomposition Y = B ⊕ Y1 such that
pi(B) = 0 and the restriction pi |Y1 : Y1 → U is right minimal. If B 6= 0 then B ∼= X , yielding that X is isomorphic to
an indecomposable direct summand of Y , a contradiction to our assumption. Hence B = 0 and pi : Y → U is right
minimal.
U is finitely generated, hence it has a finitely generated injective hull I in R-Mod. There is a right C-approximation
ϕ : IC → I , where IC is a finite direct sum of modules isomorphic to the Mk . If KC is the kernel of ϕ, then each
indecomposable summand of KC is a direct summand of some of the kernels Ker( fk).
Now, let µ : U → I be the inclusion. We may construct the pullback square of µ and ϕ
Z
η→ U
τ ↓ µ ↓
IC
ϕ→ I
so that Z ∈ C, because the class C is closed under submodules. The projectivity property of Z relative to pi : Y → U
gives a homomorphism φ : Z → Y , with pi ◦ φ = η : Z → U ; and the approximation ϕ : IC → I gives a
homomorphism ρ : Y → IC , with ϕ ◦ ρ = µ ◦ pi . Then the pullback property gives σ : Y → Z , and η ◦ σ = pi ,
τ ◦σ = ρ. So we have pi ◦(φ◦σ) = η◦σ = pi . By the right minimality of pi , this implies that the endomorphism φ◦σ
of Y is an isomorphism, so that σ : Y → Z is a monomorphism. Consequently, ρ : Y → IC is a split monomorphism,
and we have the commutative diagram with the claimed properties.
(2) Let T be the functor ring of the family of finitely generated modules in C, and the left exact functor H : R-Mod
→ T -Mod, as defined in Section 2. We show now that if M is a finitely generated left R-module, N is a finitely
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generated T -submodule of H(M), and γ : Q → N is an epimorphism with Q finitely generated projective, then
Ker(γ ) is projective.
Note that Q ∼= H(X) for a finitely presented left R-module X in C, giving a homomorphism η : H(X) → H(M)
with image N . We know that η = H(ρ), for some homomorphism ρ : X → M . Let K = Ker(ρ). Then H(K ) is the
kernel of η. But K is finitely presented and belongs to C, so that H(K ) is projective, as claimed.
(3) Recall that all modules in C are projective relative to the epimorphism pi : Y → U . Hence we may apply H to
the commutative diagram of step (1) to obtain the commutative diagram with exact rows and columns
0 0 0
↓ ↓ ↓
0 → H(X) → H(Y ) → H(U ) → 0
↓ ↓ ↓
0 → H(KC ) → H(IC ) → H(I )
↓ ↓ ↓
G H(IC )/H(Y ) F
where we have added the cokernels of the vertical arrows. We know that the middle vertical arrow is a split
monomorphism, and thus H(IC )/H(Y ) ∼= H(IC/Y ). Since IC/Y is finitely presented and belongs to C, we have
that H(IC/Y ) is projective. On the other hand, F is isomorphic to a submodule of the left T -module H(I/U ).
By applying the Ker–Coker lemma, we have an exact sequence 0 → G → H(IC/Y ) → F . The cokernel of
G → H(IC/Y ) is a finitely generated submodule of H(I/U ), so that it follows from step (2) that G is projective.
Consequently, the sequence 0 → H(X) → H(KC ) → G → 0 splits, and H(X) is isomorphic to a direct summand
of H(KC ). Since H is full when applied to finitely generated modules in C, we have that X is a direct summand of
KC , hence X is isomorphic to an indecomposable summand of Ker( fk) for some k, as it was to be shown. 
The first application of Theorem 4.4 is for the subcategory C of R-Mod consisting of all left R-modules that contain
no preinjective direct summands.
Corollary 4.5. Let R be any left pure semisimple ring, and C the subcategory of all left R-modules with no preinjective
direct summands. Then C contains only finitely many non-isomorphic indecomposable almost splitting injective
modules.
Proof. Let X be a preinjective left R-module, and suppose there is a monomorphism µ : X → M , where M ∈ C,
then µ splits, hence X is isomorphic to a direct summand of M , a contradiction. This shows that C is closed under
taking submodules. Hence the result follows immediately from Theorem 4.4. 
Let C be a subcategory of R-Mod. Following [9], a left R-module X (here, X may belong to C or not) is called Ext-
injective (relative to C) if Ext1R(C, X) = 0 for all C ∈ C; note that this happens if and only if for any exact sequence
0→ A → B → C → 0 with C ∈ C, any homomorphism ϕ : A → X extends to a homomorphism ξ : B → X .
We collect some basic properties on Ext-injective modules.
Lemma 4.6. Let R be any ring and C a subcategory of R-Mod. Then the following statements hold.
(a) The class of Ext-injective modules (relative to C) is closed under products and direct summands.
(b) If a module X ∈ C is Ext-injective, then X is almost splitting injective in C.
(c) Assume further that C is closed under extensions. If a module X ∈ C is almost splitting injective, then X is
Ext-injective.
Proof. (a) This is straightforward.
(b) Suppose X is Ext-injective, and given an exact sequence 0 → X f→ A → B → 0 with A, B ∈ C. By definition,
the sequence splits, and hence X is almost splitting injective in C.
(c) Suppose C is closed under extensions and X is almost splitting injective in C. Given an exact sequence 0 →
X
f→ B → C → 0 with C ∈ C, we have that B ∈ C by our assumption. Hence, the sequence splits and X is
Ext-injective relative to C. 
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As another application of Theorem 4.4, we obtain the following result on indecomposable direct summands of
products of a family of indecomposable left R-modules, under some suitable conditions.
Corollary 4.7. Let R be any left pure semisimple ring. Suppose A is a subfamily of R-ind with the property that
Hom(X, Y ) = 0 for any indecomposable module X ∈ A and any indecomposable module Y 6∈ A. Then there are only
finitely many non-isomorphic indecomposable left R-modules that are not in A, and isomorphic to direct summands
of products of modules from A.
Proof. Let C be the subcategory of R-Mod consisting of all left R-modules with no direct summands in A. It is clear
that C is closed under direct sums. Let M ⊆ N , and suppose N ∈ C, then there are indecomposable decompositions
M = ⊕i∈I Mi and N = ⊕ j∈J N j , and each N j is not in A. If some Mi belongs to A, then because clearly
Hom(Mi , N j ) 6= 0 for some j ∈ J , this would give a contradiction to the hypothesis. Hence C is also closed under
submodules. By Theorem 4.4, we know that C contains only finitely many non-isomorphic indecomposable almost
splitting injective modules. Thus, it is enough to show that if X ∈ C is isomorphic to a direct summand of a product
of indecomposable modules from A, then X is Ext-injective relative to C, and an application of Lemma 4.6(b) would
yield the required result.
First, we observe that every indecomposable left R-module Y ∈ A is Ext-injective relative to C. To see this, take
any short exact sequence 0 → Y f→ B → C → 0 with C ∈ C. We have that B = P1 ⊕ B1, where P1 ∈ AddA and
B1 ∈ C. Since Hom(P1,C) = 0, it follows that P1 ⊆ Y ′, where Y ′ = Im( f ). Because Y ′ ∼= Y is indecomposable,
either P1 = 0 or P1 = Y ′. If P1 = 0, then B ∈ C, and Hom(Y, B) 6= 0, a contradiction. Thus P1 = Y ′ and the exact
sequence 0→ Y → B → C → 0 splits, which shows that Y is indeed Ext-injective relative to C.
Now, by Lemma 4.6(a), any indecomposable direct summand X of a product of modules from A is also Ext-
injective relative to C. By Lemma 4.6(b), if X is in C, then X is almost splitting injective and the proof is complete. 
The next corollary is again for preinjective modules, under some additional hypothesis. This may be regarded as
an extension of Angeleri Hu¨gel’s corresponding result for hereditary rings (see [4, Theorem 4.3, Proposition 4.7,
Theorem 4.8]).
Corollary 4.8. Let R be any left pure semisimple ring. Suppose further that Hom(X, Y ) = 0 for any preinjective left
R-module X and non-preinjective indecomposable left R-module Y . Let W be the direct sum of all non-isomorphic
non-preinjective indecomposable direct summands of products of preinjective left R-modules. Then W is a finitely
generated product-complete left R-module, and any indecomposable direct summand of W is not the source of a left
almost split morphism in R-mod.
Proof. Let A be the class of all preinjective left R-modules. Then the hypotheses of Corollary 4.7 are satisfied,
yielding that there are only finitely many non-isomorphic non-preinjective indecomposable direct summands of
products of preinjective left R-modules. Let W = X1 ⊕ · · · ⊕ Xn be the finite direct sum of these indecomposable
modules. Suppose X is an indecomposable direct summand of a product of the modules Xk . If X is preinjective, then
by Corollary 3.6 X is the source of a left almost split morphism in R-mod, thus Lemma 2.4 yields that X is isomorphic
to an indecomposable summand of W , a contradiction. Thus X is isomorphic to some of the modules X1, . . . , Xn .
This shows that AddW is closed under products, hence W is product-complete. Now, if Xk is any indecomposable
direct summand of W , then Xk is isomorphic to a direct summand of a product of preinjective left R-modules. If Xk
is the source of a left almost split morphism in R-mod, then applying Lemma 2.4 again, we get that Xk is isomorphic
to some of these preinjective modules, a contradiction because Xk is non-preinjective. 
The following lemma, inspired by [8, Proposition 3.6], allows us to determine the splitting injective modules of a
subcategory C of R-Mod by means of right C-approximations in R-Mod.
Lemma 4.9. Let R be a left pure semisimple ring, and let C be a subcategory of R-Mod closed under direct sums and
direct summands. Let I1, . . . , In be a complete finite set of indecomposable injective left R-modules. Then there are
unique right minimal right C-approximations fk : Mk → Ik for k = 1, . . . , n, where each Mk is a finitely generated
module in C. Moreover, X is an indecomposable splitting injective module in C if and only if X is isomorphic to an
indecomposable direct summand of some Mk , k = 1, . . . , n.
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Proof. We know by Proposition 2.3 that C is contravariantly finite in R-Mod. The existence of unique right minimal
right C-approximations fk : Mk → Ik , for k = 1, . . . , n, follows from [8, Proposition 1.2, Proposition 1.3]. The last
statement of the lemma can be proved by adapting the proof of [8, Proposition 3.6], taking into account the known
property over a left pure semisimple ring R that if M and N are finitely generated left R-modules, then Hom(M, N )
is of finite length as a left EndR(M)-module (see [20, Corollary 3]). 
In case R is hereditary left pure semisimple, we are able to give, in our last result, a description of the key module
W obtained by Angeleri Hu¨gel [4, Theorem 4.8]. Recall that in this case, an indecomposable left R-module X is
preinjective if and only if there are only finitely many non-isomorphic indecomposable left R-modules Y such that
Hom(X, Y ) 6= 0. We present the result under this hypothesis, which is slightly more general than the hereditary
condition. We need a couple of lemmas. For a finitely presented left (or right) R-module M , Tr(M) denotes the
Auslander-Bridger transpose of M .
Lemma 4.10. Let R be a left pure semisimple ring, and assume that for every preinjective left R-module M, we
have Hom(M, N ) 6= 0 for only finitely many non-isomorphic indecomposable left R-modules N. Let Y, Z be
indecomposable left R-modules, such that Y is preinjective and Z is non-preinjective. Then Hom(Y, Z) = 0.
Moreover, D(Tr(Y )) is preinjective and Z has projective dimension at most one.
Proof. Let Y, Z be indecomposable left R-modules, with Y preinjective and Z non-preinjective. By Definition 3.1,
any cofinite family of indecomposable left R-modules cogenerates Z , and this implies that Hom(Y, Z) = 0, since Y
has nonzero homomorphisms only to finitely many non-isomorphic indecomposable left R-modules.
From the existence of non-preinjective left R-modules, it follows that the class ind-R of all non-isomorphic finitely
presented indecomposable right R-modules is infinite. Thus there is a cofinite subset H of ind-R consisting of non-
projective right R-modules such that Hom(Y,Tr(A)) = 0 for all A ∈ H, by our hypothesis on Y . Let M be a finite
direct sum of modules in H, and assume that there is an epimorphism p : M → Tr(Y ). Then we may consider
(see [25, p. 697]) a transpose homomorphism Tr(p) : Y → Tr(M), which is necessarily zero. By taking minimal
projective presentations of M and Tr(Y ), and using standard arguments about the transpose, one sees easily that p has
to factor through the projective cover of Tr(Y ). But this implies that M has a projective summand, which is impossible.
Therefore, there are no epimorphisms p : M → Tr(Y ) with M ∈ addH, and by Definition 3.3 we see that Tr(Y ) is a
preprojective right R-module. By Theorem 3.8, D(Tr(Y )) is a preinjective left R-module.
We now turn to our final assertion, and take Z indecomposable and non-preinjective. Let L be any left R-module,
and 0 → L → E → K → 0 a short exact sequence with E injective. The long exact homology sequence gives then
the exact sequence 0→ Ext1R(Z , K )→ Ext2R(Z , L)→ 0. But K has only preinjective direct summands, because we
have seen above that there are no nonzero homomorphisms from preinjectives to non-preinjectives in R-ind. Now, the
second paragraph of the proof of Corollary 4.7 shows precisely that in this situation Ext1R(Z , K ) = 0. This implies
that Ext2(Z , L) = 0, and thus Z has projective dimension at most one. 
Lemma 4.11. Let R be a left pure semisimple ring, and assume that for every preinjective left R-module M, we
have Hom(M, N ) 6= 0 for only finitely many non-isomorphic indecomposable left R-modules N. Let C be the
subcategory of all left R-modules containing no preinjective summands, and let X, Z be indecomposable left R-
modules in C such that X is Ext-injective relative to C and Z is the source of a left almost split morphism in R-mod.
Then Hom(X, Z) = 0.
Proof. We follow the arguments in the proof of [4, Theorem 4.8]. Since Z is the source of a left almost split morphism
in R-mod, we know by [40, Theorem 2] that Z ∼= D(A) for some finitely presented indecomposable right R-module
A, and D(D(A)) ∼= A. Then Tr(A) ∼= Tr(D(Z)) is an indecomposable left R-module. If Tr(A) were preinjective,
then by Lemma 4.10 we would have that D(Tr(Tr(A))) ∼= Z is preinjective, which is absurd. So Tr(A) ∈ C. Our
assumption that X is Ext-injective relative to C implies that Ext1R(Tr(A), X) = 0.
Since Z is non-preinjective, we have that Tr(A) is non-projective. By Auslander’s theorem (see [4, Theorem 1.2]),
there is an almost split sequence 0 → Z → B → Tr(A) → 0 in R-Mod. Now, Lemma 4.10 shows that Tr(A) has
projective dimension at most one. Then [4, Lemma 1.3] implies that Hom(X, Z) = 0, as we had to show. 
We may now prove our final result.
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Theorem 4.12. Let R be a left pure semisimple ring, and assume that for every preinjective left R-module M, we
have Hom(M, N ) 6= 0 for only finitely many non-isomorphic indecomposable left R-modules N. Let C be the
subcategory of all left R-modules containing no preinjective summands, I1, I2, . . . , In a complete family of non-
isomorphic indecomposable injective left R-modules, and fk : Mk → Ik right minimal right C-approximations of
Ik . Then an indecomposable non-preinjective left R-module X is isomorphic to a direct summand of a product of
preinjective left R-modules if and only if X is isomorphic to a direct summand of either some Mk , or of the kernel
Ker( fk) for some k = 1, 2, . . . , n.
Proof. For the “only if” part, let the indecomposable non-preinjective left R-module X be isomorphic to a direct
summand of a product of preinjective left R-modules. By Lemma 4.10 and the proof of Corollary 4.7, it follows that
X is almost splitting injective in C. If X is splitting injective in C, then it is isomorphic to a summand of some Mk ,
by Lemma 4.9. If X is not splitting injective, then the proof of Theorem 4.4 shows precisely that X is isomorphic to a
direct summand of some Ker( fk).
For the “if” part, suppose first that the indecomposable module X is isomorphic to a direct summand of some
Mk . Then Lemma 4.9 implies that X is a splitting injective module in C, so X is isomorphic to a direct summand of
a product of preinjective left R-modules by Proposition 4.1. As a consequence, we see also that X is Ext-injective
relative to C, by the same proof of Corollary 4.7.
Now suppose X is isomorphic to a direct summand of the kernel Ker( fk) for some k = 1, 2, . . . , n. First we
show that X is Ext-injective relative to C, i.e. Ext1R(C, X) = 0 for all C ∈ C. Consider the exact sequence
0 → Ker( fk) → Mk → Im( fk) → 0. Since Hom(C,Mk) → Hom(C, Ik) → 0 is exact for all C ∈ C, we get
that Hom(C,Mk)→ Hom(C, Im( fk))→ 0 is exact for all C ∈ C. Hence the exact sequence 0→ Ker( fk)→ Mk →
Im( fk)→ 0 gives the exact sequence 0→ Ext1R(C,Ker( fk))→ Ext1R(C,Mk). We have already remarked that Mk is
Ext-injective relative to C, so it follows that Ext1R(C,Ker( fk)) = 0, yielding that Ext1R(C, X) = 0.
We now follow the proof of [4, Theorem 4.8] to show that every indecomposable Ext-injective module X of C is
isomorphic to a direct summand of a product of preinjectives. First note that, if S is the right functor ring of R, then
each simple left S-module is contained in some T (N ), where N ∈ R-ind is the source of a left almost split morphism
in R-mod [15, Lemma 2.3]. Thus, if N ranges over all sources of left almost split morphisms, the family of all the
T (N ) cogenerates S-Mod. Therefore, for any left R-module M , the injective left S-module T (M) is isomorphic
to a direct summand of a product of the T (N ), with N a source. Since the functor T : R-Mod → S-Mod is full
and preserves direct products, it follows that every left R-module is isomorphic to a direct summand of a product of
indecomposable left R-modules that are sources of left almost split morphisms in R-mod. If X ∈ C is indecomposable
Ext-injective relative to C, then we know by Lemma 4.11 that Hom(X, Y ) = 0 if Y is non-preinjective and the source
of a left almost split morphism in R-mod. It follows immediately that X is isomorphic to a direct summand of a
product of preinjective left R-modules. 
We conclude the paper with the following remark.
Remark 4.13. Let R be an arbitrary left pure semisimple ring, and W be the direct sum of all non-isomorphic
non-preinjective indecomposable direct summands of products of preinjective left R-modules. By the proof of
Corollary 4.8, it follows that W is product-complete, and no indecomposable direct summands of W are sources
of left almost split morphisms in R-mod. In view of Corollary 4.8, it would be interesting to know whether W is
finitely generated, without the hypothesis that Hom(X, Y ) = 0 for any preinjective X and non-preinjective Y in R-
ind. The module W would then play a role similar to that of a key module of a hereditary left pure semisimple ring as
in [4].
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